Abstract. Perturbation formulae for Bloch eigenvalues and their spectral projections in a vicinity of the von Laue diffraction planes are constructed. They are converging series with respect to a model operator, roughly taking into account the diffraction inside the crystal. The behaviour of the isoenergetic surface near the von Laue diffraction planes is described.
Introduction
The motion of a particle in a bulk matter is often described by the Schrödinger operator with a periodic potential. Therefore, it is interesting to have a detailed mathematical analysis of its spectral properties, in particular, to construct perturbation formulae for its eigenvalues and eigenfunctions.
Thus, we consider the operator
in L 2 (R 3 ), where V is the operator of multiplication by a periodic potential, a trigonometric polynomial.
In [1] , [2] , perturbation series for Bloch eigenvalues and spectral projections were constructed on a rich set of quasimomenta. On this set, the perturbed and unperturbed eigenvalues and spectral projectors turns out to be close. Our aim here is to study the case when there exists a real refraction inside the crystal, i.e., when the perturbation is significant. Namely, we construct perturbation formulae for quasimomenta in a vicinity of the von Laue diffraction planes. We describe the Bloch eigenvalues and their spectral projections of H, which are close to those of a model operator, roughly taking into account the refraction inside the crystal.
To simplify notation we consider the case where the cell of periods is orthogonal. All arguments go through, with obvious modifications, for nonorthogonal lattices. We use a representation of the potential V (x) in the form : I. M. Gelfand [3] showed that the investigation of the spectral properties of H reduces to the study of a family of regular operators H(t), t ∈ K, where K is the elementary cell of the dual lattice,
3 ). The vector t is called the quasimomentum. Let Q be the elementary cell of the periods of the potential-Q = [0, a 1 ) × [0, a 2 ) × [0, a 3 ). The operator H(t), t ∈ K, acts in L 2 (Q). It is described by formula (1) and the quasiperiodic conditions:
u(a 1 , x 2 , x 3 ) = exp(it 1 a 1 )u(0, x 2 , x 3 ),
The first derivatives with respect to x j , j = 1, 2, 3, must also satisfy similar conditions.
The operator H(t) has a discrete spectrum Λ(t):
The spectrum Λ of the operator H is the union of the spectra of the operators H(t):
The functions λ n (t) are continuous, so Λ has a band structure:
The eigenfunctions of the operator H are obtained by quasiperiodic continuation (see (3) ) of the eigenfunctions of all the operators H(t) to R 3 . Let H 0 (t) be the operator corresponding to the zero potential. Its eigenfunctions are the plane waves:
The eigenfunction (4) corresponds to the eigenvalue p
Thus, the spectrum of the free operator H 0 is:
Using the basis (4) we write the matrix of H(t) in the form
where δ mj is the Kronecker symbol.
In the physics literature, the important concept of the isoenergetic surface S 0 (k) of the free operator is used [4] . This is the set of t in K, for which the free operator H 0 (t) has an eigenvalue equal to k 2 . It is obvious that t ∈ S 0 (k) if and only if p 2 m (t) = k 2 for some m ∈ Z 3 . The set S 0 (k) is obtained by partitioning the sphere of radius k centred at zero into "titles" by the dual lattice. After this, the "titles" are translated in a parallel manner into K. Let S 1 (k) be a subset of S 0 (k). We say that S 1 (k) has an asymptotically full measure on S 0 (k) if
here and below s(·) is the surface area.
In [1] , a nonsingular set S(k, V, δ) ⊂ S 0 (k) was constructed so that for any point t of the (k −2−2δ )-neighbourhood of it, the perturbed and unperturbed spectral projections and eigenfunctions are close-more precisely, the corresponding perturbation series converge. The nonsingular set has an asymptotically full measure on S 0 (k). However, besides the nonsingular set, there exists also the singular part of S 0 (k), where perturbed and unperturbed eigenvalues and eigenfunctions are, generally speaking, not close. For example, let us consider the plane wave exp i( p j (t), x), such that its momentum p j (t) satisfies the von Laue diffraction conditions, i.e., p j (t) = p j+q (t) for some q = 0. It is well-known that this wave is refracted by the crystal, the refracted wave being
The latter wave interferes with the initial one and distorts it strongly. Hence, the perturbed and unperturbed eigenfunctions obviously are not close when t satisfies the von Laue diffraction conditions. Thus, the existence of the singular set is connected with diffraction conditions-in the most simple situation with, the von Laue diffraction conditions. In the two-and three-dimensional situations, the unstable case was studied by J. Feldman, H. Knorrer and E. Trubowitz [5] . In the threedimensional case, they study the eigenvalues of H, which are not close to the unperturbed ones, but can be approximated by eigenvalues of the operator −∆ + V γ , where γ is some vector of the dual lattice and V γ is independent of x in the direction γ, i.e.,
It was proved that for arbitrary γ of the dual lattice and any eigenvalue of H γ (t) corresponding to a sufficiently large momentum in the direction γ, there exists a close eigenvalue of the operator H(t) with the same quasimomentum, multiplicity being taken into account. The same result was proved for n = 2. Moreover, in the two-dimensional case, it was shown that, on the rich set of t, the corresponding eigenfunctions are close too. O. A. Veliev discussed this problem in [6] . We use another approach here, which has its own peculiarities. It provides formulae not only for unstable eigenvalues, but also for their spectral projections in the three-dimensional situation. Converging perturbation series with respect to some model operator roughly describing the refraction are constructed. Having an asymptotic character in a high energy region, they give an infinite number of asymptotic terms. It is proved that these series can be differentiated any number of times with respect to the quasimomentum and preserve their asymptotic character. From the geometrical point of view, we consider the singular set not only as a part of the whole cell K, but, more precisely, we consider its "trace" on the isoenergetic surface S 0 (k) in K of the free operator for a fixed energy k 2 . Namely, we study the perturbations of the eigenvalues p 2 j (t) and their spectral projections, which satisfy the conditions
, for some given q and k. It is proved that for a fixed q and sufficiently large k there exists a rich set of t-an essential part of the singular set-for which perturbation series with respect to the model operator converge. Although the main geometrical problems arises because of fixed k-one has to prove that perturbation series converge on a rich subset of the surface in K-the consideration of the singular set with a fixed energy turns out to be very useful, because it enable us to describe the perturbed isoenergetic surface near the self-intersections of the isoenergetic surface of the free operatorthey obviously are formed by the points satisfying the von Laue diffraction conditions. We can observe how these intersections are transformed into quasi-intersections under the perturbation. This approach also turns out to be effective in resolving a semicrystal problem (see forthcoming papers). We approximate unstable eigenvalues and eigenfunctions of H by those of a model finite-dimensional operator. This operator roughly takes into account the refraction inside a crystal and is simply connected with some periodic Schrödinger operator in one-dimensional space.
To clarify the results for the singular set, we first describe the results for the nonsingular set.
Perturbation formulae for the nonsingular set
It is proved in [1] , [2] that there is a rich set of quasimomenta where perturbed and unperturbed eigenvalues and eigenfunctions are close-hence the name nonsingular set. We constructed the nonsingular set S(k, V, δ) on the isoenergetic surface S 0 (k) of the free operator., i.e., S(k, V, δ) ⊂ S 0 (k). It is proved that S(k, V, δ) has an asymptotically full measure on S 0 (k). To obtain perturbation formulae for t ∈ S(k, V, δ), we considered the unperturbed eigenvalue p 2 j (t) = k 2 . The index j is uniquely defined by the last relation for t ∈ S(k, V, δ). Moreover, it is proved that the nearest point p 2 i (t), i = j, is on the distance greater than k −1−2δ for such t. Then, we consider a circle of radius (1/2)k −1−2δ centred at the point z = p 2 j (t). The main result is that a perturbation series for the resolvent converges with respect to some auxiliary operatorĤ. Note that the series diverges with respect to H 0 , because not only do the von Laue diffraction conditions exist, but also other ones, depending on the potential. From the series for the resolvent, we easily get series for the perturbed eigenvalues and spectral projection. ReplacingĤ with the free operator H 0 in long segments of the series, we obtain simplified formulae valid with a high accuracy. To describe the results rigorously, we construct the auxiliary operatorĤ(t). We also will use it for the case of the singular set. We describe the operatorĤ(t) for a trigonometric polynomial (2). Let Γ(R 0 ) be the set of q, q ∈ Z 3 , |q| < R 0 , such that vectors p q (0) form a complete subset of linearly independent vectors in the set { p m (0)} |m|<R 0 , i.e., Γ(R 0 ) is such that any vector p m (0), |m| < R 0 , can be uniquely represented in the form p m (0) = r p q (0), where q ∈ Γ(R 0 ), r ∈ Z. It is easy to see that
where V q depends only on (x, p q (0)),
we consider the subsets:
(10)
We define the diagonal projection P q and the auxiliary operatorĤ as follows:
Let us introduce the notations:
here and below C 0 is the circle of the radius k −1−δ centred at the point z = k 2 . Let E j be the spectral projection of the free operator H 0 (t) corresponding to an eigenvalue p 2 j (t): E nm = δ jn δ jm . The functionŝ g r (k, t) and the operator-valued functionsĜ r (k, t) are correctly defined in the (k −2−2δ )-neighbourhood of the nonsingular set S(k, δ, V ). In [1] , the following theorem of expansion into the modified perturbation series is proved. 
Theorem 1. Suppose t belongs to the
where the index j is uniquely determined from the relation p ε(k, δ) . The spectral projection, corresponding to λ(t) is determined by the series
which converges in the class S 1 .
For the functionsĝ r (k, t) and the operator-valued functionĜ r (k, t), the following estimates are satisfied:
0 . The next theorem follows from this.
Theorem 2. Under the conditions of Theorem 1, the eigenvalue λ(t) and its spectral projection E(t) can be represented in the form
0 . For the functions g r and the operator-valued functions G r , estimates ( 21) and ( 22) are fulfilled, while for ϕ(k, t), ψ(k, t), the following ones hold: 
Note that for r, m small enough estimates (21), (22), (27) and (28) can be improved so that there will be only negative powers of k on the right sides.
Perturbation formulae near the planes of diffraction
In the case of the polyharmonic operator with a periodic potential we constructed, perturbation series with respect to the free operator on the nonsingular set [7] and with respect to a model operator on the singular set [8] . This model operator roughly took into account the diffraction inside the crystal. In the case of the Schrödinger operator, the modification of the perturbation series (H 0 →Ĥ) is needed even for the nonsingular set [1] . The series diverges with respect to H 0 , because not only do the von Laue diffraction conditions exist, but also other ones, depending on the potential. Fortunately, it turns out that such modified series converge even on the "simple" part of the singular set, i.e., it is not necessary to reconstruct additionally these series. The "simple" part is proved to be an essential part of the singular set. The perturbation series for the eigenvalue and its spectral projection converge on the "simple" part of the singular set, when we take the operatorĤ(t) as the initial one. Note that the operator H(t) has a block structure. The diagonal part ofĤ coincides with the corresponding part of the free operator: (I − q∈Γ(R 0 ) P q )Ĥ(t) = (I − q∈Γ(R 0 ) P q )H 0 (t). The blocks ofĤ(t) are determined by the orthogonal projections P q , P qĤ (t) =Ĥ(t)P q = P qĤ (t)P q . Each block is a "piece" of the matrix of the Schrödinger operator with potential V q , i.e., P qĤ (t)P q = P q (H 0 (t) + V q )P q . Thus, each block is simply connected with the matrix of a periodic Schrödinger operator in the one-dimensional space, because V q depends only on (x, p q (0)) . In the case of the nonsingular set, the perturbed eigenvalue λ(t) is asymptotically close (k → ∞) to an eigenvalue p 2l j (t) of the diagonal part ofĤ(t); i.e, λ(t) is close to the eigenvalue p 2l j (t) of the free operator H 0 (t). Accordingly, the spectral projector of H(t) corresponding to λ(t) is close to that of H 0 (t), corresponding to p 2l j (t). We prove that in the case of the singular set-more precisely of its essential part-eigenvalues and spectral projection of H(t) are close to those of the block part ofĤ(t). We construct the perturbation series for an eigenvalue and its spectral projection on the essential part of the singular set, takinĝ H(t) as the initial operator. We obtain this result by constructing the converging perturbation series for the resolvent and integrating it over a small contour. Thus, the blocks P qĤ P q = P q (H 0 (t) + V q )P q describe roughly the refraction inside the crystal for t of the essential part of the singular set.
The proof of the formulae contains the analytical and geometrical parts. In the analytical part, we formulate the conditions of the convergence of the series in the form of inequalities for quasimomentum t (see (34)-(39)). Note that these conditions are similar to those for the nonsingular set up to the replacement of an eigenvalue p 2 j (t) of the diagonal part ofĤ(t) by an eigenvalue of the block part. In the geometrical part we prove that the conditions are satisfied on the essential part of the singular set. The full proofs will be represented in a forthcoming paper. Here we note only that the analytical part is similar to that for the nonsingular set up to the replacement mentioned above. The geometrical part is much more technical. The singular set is only a small part of the isoenergetic surface of the free operator. Therefore, to prove that the conditions of convergence can be satisfied on it, one has to make more subtle considerations than in the case of the nonsingular set.
Thus, we consider the spherical layer on the sphere |x| = k:
Let K be the mapping
It is easy to see that the isoenergetic surface of the free operator S 0 (k) is given by the formula S 0 (k) = KS k , where S k is the sphere |x| = k. It is clear that the translation µ q (k, δ) ≡ KS q (k, −δ) of the set S q (k, −δ) to the elementary cell of the dual lattice K belongs to the isoenergetic surface S 0 (k) of the free operator H 0 , but does not belong to the nonsingular set, described in [1] , where perturbed and unperturbed eigenvalues are proved to be close. Next, we denote the eigenvalues ofĤ (see (12)) as p 2 j (t) + ∆Λ jj (t), ∆Λ jj (t) depending continuously on t for every j. It is clear that
Let us consider also the partμ q (k, δ) of the isoenergetic surface ofĤ situated in the (ck −1 )-neighbourhood of µ q (k, δ). It is described by the formula:
In fact,μ q (k, δ) is very close to the corresponding part of the isoenergetic surface of the operator (see [1] ). Thus, all of the following assertions are also valid forμ q (k, δ) which is the corresponding part of the isoenergetic surface of H q .
Note
ϕ 0 (x) being uniquely determined from the formulae
It is not hard to show thatŜ q (k, −δ) is the union of curve cylinders, because ∆Λ jj depends only on the projection of p j (t) on p q (0). Note that ∆Λ jj = 0 in (30), because j ∈ Π q (k 1/5 ). We construct the perturbation series with respect toĤ(t). In the case of the nonsingular set, the corresponding pieces of the isoenergetic surfaces of H 0 (t) andĤ(t) coincide. Clearly, describing the nonsingular set on the isoenergetic surface of one of them, we, of course, describe it for the other too. In the case of the nonsingular set, these surfaces are not the same, i.e., µ q (k, δ) does not coincide witĥ µ q (k, δ). Therefore, the question is : what isoenergetic surface to describe the simple part of the singular set on? Since we construct the perturbation series with respect toĤ(t), it is natural to describe this set onμ q (k, δ). We formulate the corresponding geometric lemma here. Moreover, we describe the simple part of the nonsingular set on µ q (k, δ) too. However, the first description is more convenient for applications. Thus, we shall show that there exists a subsetχ 0 q (k, V, δ) of an asymptotically full measure onμ q (k, δ), such that for t ∈χ 0 q (k, V, δ) the perturbation series with respect toĤ(t) converge. For such a t, the operatorĤ(t) has an eigenvalue, which can be represented in the form p 2 j (t) + ∆Λ(t) jj , j being uniquely determined from the relation p
The series for H(t)
converge with respect toĤ(t). Now we give the formulation of the main geometric lemma.
and the following conditions hold:
and |i| < k
3 . 
The setχ 0 q (k, V, δ) has an asymptotically full measure onμ q (k, δ); moreover the inequality
holds.
Conditions 1 − 5 coincide with conditions 1 0 − 5 0 of the convergence of the series in [1] up to replacement of p 2 j (t) with p 2 j (t) + ∆Λ(t) jj . Note that inequalities (37) and (38) yield that the eigenvalue p 2 j (t) + ∆Λ(t) jj of operatorĤ(t) is simple. We denote byÊ j its spectral projection. Let
where C 1 is the circle of radius
W being given by formula (13). 
The spectral projection corresponding toλ(t) is determined by the series:
which converges in the class S 1 . For the functionsĝ r (k, t) and the operatorvalued functionsĜ r (k, t), the following estimates hold:
The proof of this lemma is similar to that of Lemma 1. Naturally, for χ q (k, V, δ), the theorems similar to Theorems 3,4 hold: 
The behaviour of the isoenergetic surface in a vicinity of the singular set
Since the eigenvalues and the spectral projections of operator H are close to those ofĤ on the essential part of the singular set, the isoenergetic surface of H is close to that ofĤ. We denote byμ q (k, t) j , the part of µ q (k, δ) corresponding to some given j, i.e., a point t belongs toμ q (k, δ) j if and only if
Let p j⊥ (t) be the component of vector p j (t) orthogonal to p q (0). Equation (61) is resolvable with respect to | p j⊥ (t)|, since ∆Λ(t) jj depends only on ( p j (t), p q (0)):
Thus, any point of the surfaceŜ q (k, −δ) can be represented by the formula for a curve cylinder:
To obtainμ q (k, δ), one has to breakŜ q (k, −δ) into pieces by the dual lattice and to translate all pieces into its elementary cell. Letê(t) be the normal toμ q (k, δ). According to Theorem 3, there exists a subsetχ 0 q (k, V, δ) of the asymptotically full measure onμ q (k, δ) on which the perturbation series converges. We denote byχ 
